In this paper the nodal structure for He atom is revisited and a procedure for identifying the symmetry properties and nodal structure of the time and spin independent Schrödinger equation will be presented. Application are made to the few electron atoms, and explicit, new nodal surface equations given for states of various symmetries. In the construction of trial functions for variational calculations in quantum mechanics, and in the choice of nodal surfaces needed in Monte Carlo calculations to obtain fermion solutions to Schrodinger's equation for spin independent Hamiltonians, the accuracy of the calculations can be strongly influenced by the initial choice of the trial functions. We incorporated these newly found nodal conditions in the trial functions and energy eigenvalues were calculated with a better accuracy for different symmetries.
Inroduction:
Quantum Monte Carlo methods(QMC) are widely used techniques for the calculation of the lowest energy state corresponding to a particular symmetry of the quantum many body system . Despite their long history dating back to early 1940's QMC have suffered from several difficulties. The first two difficulties can be attributed to the lack of mathematical justification and unreasonably high computing time resources. The third and most severe difficulty these methods encounter is the so called sign problem for the fermionic systems, which results in the numerical instability and lack of convergence due to the cancellation of the positive and negative terms in the eigenfunction expansions. The purpose of this paper is to apply the Generalized Feynman-Kac (GFK) method to atomic systems in a completely new way and investigate the nodal structure of simple atomic systems. For to calculate the energy eigenvalue for a quantum many body system with GFK formalism, we need a trial function and the choice of which strongly determines the accuracy of the calculation. So as to obtain faster convergence and good accuracy, apart from satisfying the usual quantum mechanical properties (  must be finite, single-valued, continuous at the point of the configuration space ) the trial functions need to satisfy the following conditions: (1) Cusp conditions (2) Nodal conditions In this paper we focus on the symmetry properties of the wave functions. The reasons that we investigate the symmetry properties of the wave functions are twofold. The first is to guarantee that we calculate the lowest energy corresponding to a symmetry of a particular representation. According to Simon the lowest energy with (r) 0  on the boundary D (any region of the phase space) will have no additional nodes in D .
(r)  has to be strictly positive or negative in the interior of D . Consequently, the (r)  that changes sign must have higher energy. As a result, solution corresponding to a given energy, the trial function must have correct nodal surface which partitions the entire phase space into regions where (r)  has constant sign.
In d-dimension, the condition 1 2 n (r , r ....r ) 0  defines a dn 1  dimensional nodal surfaces whereas corresponding to antisymmetry, there will be dn d  dimensional surfaces. For one dimensional problems, these conditions coincide and antisymmetry alone specifies the full nodal surface.. But for higher dimensional problems antisymmetry alone cannot specify the full nodal surface. Hence for d1  , antisymmetry alone cannot specify a part of the irreducible portion of the configuration space where the wave function has a constant sign. To get the full nodal surface one needs to consider symmetries other than permutation symmetry ( for example rotational symmetry of the many particle system). Secondly, to obtain numerical solution of a many body problem efficiently, one needs to seek out some procedures which maximize the speed of convergence and minimize the computing time. The symmetry which we exploit via group theory is, in most cases, the symmetry of the Hamiltonian operator. Before discussing the symmetry of the atomic systems let us discuss a few ideas from group theory.
In this paper, in section 2 .1 , we review the preliminary ideas about group theory. In section 3 we deduce the nodal conditions associated with different symmetries. In section 4 we present the analytical forms of nodal structures and the energy eigenvalues using trial functions employing those nodal conditions. Finally we put our concluding remark in section 5.
The Group of the Schrödinger Equation for the many Particle Quantum Systems.
Before we deduce the actual nodal conditions, we need to outline the symmetry properties of a quantum mechanical many body system. Let us first consider a typical Hamiltonian for a quantum system of one particle of unit mass in atomic units: 
Unfortunately this is a red rep of
Nodal Structures and Symmetry Properties of a Quantum Mechanical Wave Function
In this section we deduce the nodal conditions for different symmetry of few electron systems. These conditions can be used to identify the minimal nodal structures required for the jth row of the ith irreducible representation of the invariant group of the Hamiltonian. For a given irreducible representation these nodal conditions are necessary to determine the lowest eigenvalue and eigenfunction for that symmetry.
Elementary group theory may be employed to prove that the eigenfunction of the Schrödinger Equation for the construction of irreducible representations of the invariant group G , of the Hamiltonian operator, H . This is equivalent to the statement that the eigenfunctions must transform like one of the rows of the reps of G . The group is defined as the set of operators which commute with the Hamiltonian operator.
Using the definition of projection operator we write 
Since the representations are unitary, the eigenvalues are unimodular. A necessary and sufficient condition that an operator in G belongs to this set is
This set of operations form a group, i j G , which is a subgroup of G : function. In these instances another row, or an equivalent representation can provide the necessary information through Eq(2.5). The simplest application Eq(2.5) is the hydrogen atom. Using cubic harmonic basis functions instead of spherical harmonics we construct representations with real basis functions , at the expense of the loss of good quantum number m, but preserving the quantum number l and the energy eigenvalue E. For an N electron atom the situation is a bit more complicated, but nonetheless manageable. In this case the group G is the direct product of the permutation group for N particles with the diagonal subgroup of the rotation group in #n dimensions, The diagonal subgroup is isomorphic to N 3 R , and thus its reps are the same as those of 3 R . The eigen subgroup is a direct product of the corresponding eigen subgroups for permutation and rotation. From the properties of direct product groups, the projection operator for G preserves the symmetries of each of its invariant subgroups.
Eq (2.5) may be used separately for each of the invariant subgroups to locate the nodes, and the full invariant subgroups applied to find the nodal surfaces. In the process it is necessary to approximately define the projection operators using group operations for which simultaneously rotate the coordinates of all electrons through the same angles. The rotational nodes are simply deduced from the rotation group in three dimensions, the permutation nodes are separately deduced.
Information about the permutation nodes contained in the Young's diagrams, which exibit one to one correspondence with the permutation group reps. What is true about these diagrams is that , separating space and spin, the variables in a given column must be mutually antisymmetric for that rep. Nothing else is implied about any other symmetries, as can be verified by using projection operators to describe symmetries of the reps. Next we deduce the nodal conditions for few atomic systems. The complete projection operator is given by the Young's operator
. For every pair of permutation antisymmetric variables is repeated, as required by the corresponding Young's diagram. Thus. replacing (1,2,3) by (i,j,k) p N sets of N-2 simultaneous equations are obtained. The number of nodal surfaces becomes large, but the symmetry considerations and the group operations will in practice allow us to work in the interior of one bounded nodal surface.
In the usual approach to the many electron atom, Slater determinants of single particle functions are used initially. Even in the simplest case of helium atom first excited state, care must be taken to ensure that the proper nodal structure occurs with a single particle basis. With a given constraint as to the form of the functions, a variational calculation may minimize the energy at the expense of improper nodes and symmetries. A more desirable approach of the would be to guarantee that the properties of the eigen and invariant subgroups are properly accounted for in the form of the trial function. A single Slater determinant cannot be expected to achieve this goal due to the presence of extraneous nodes not dictated by symmetry requirement, and thus leading to a higher energy than initially sought.
Analytical results: Nodal Equations for Simple Systems
We have shown the derivation nodal equations in the previous section. Let us now summarize all the results in this section. The above equations except one in equation (5) are necessary and sufficient conditions for a wavefunction corresponding to a particular symmetry to be zero In each case(except the last one it is obvious that they are closed surfaces in their respective dimensional spaces, as previously discussed But in the case of equation (5) on the contrary, they form a lower dimensional subspace. So these equations do not form a closed surface. To perform a random walk for a physical system, we need to sample in a closed region of space as noted earlier. If we choose our trial functions which satisfy the conditions(5), additional assumptions are necessary so that the sampling can be done in a closed region of space. Unlike the fixed node approximation our nodal equations obey right symmetry condition required for the problem. Table 5 shows the random walk calculation using n=900 as obtained from eqn(4) . Fig 13 shows 
Conclusions:
In conclusion, it has been demonstrated that it is possible to work out nodal structures and symmetries of eigenfunctions for some Hamiltonians. The eigengroup and invariant group of the row contain information about symmetries which are required for a given representation, and maybe employed to deduce the nodes without knowledge of the exact solution. The method works not only for the lowest eigenvalue of each rep, but can be generalized without difficulty to many electron atoms.
